A quaternion representation is often used to describe the attitude of a spacecraft because it does not have any singular points. However, it becomes difficult to control the attitude described by a quaternion since a quaternion has four parameters despite that the attitude has only three degrees of freedom. In this paper, we employ the concept of port-Hamiltonian modeling to control systems with quaternions to introduce a general nonlinear control system synthesis method in aerospace engineering. It is also shown that the error quaternions are also naturally described by the port-Hamiltonian framework. Furthermore, the additional design parameter achieved by the proposed method is utilized for obstacle avoidance control. A numerical example exhibits the effectiveness of the proposed method.
Introduction
In recent years, the development of astronautics is remarkable and many spacecrafts are launched. Precise attitude control is mandatory for several missions. When we control spacecrafts, it is well known that the typical Euler angle description of the attitude of the spacecraft has singular points. In order to prevent them, quaternions are often used . 1)-3) Since an Euler angle representation is locally described by a three dimensional vector and a quaternion is defined in a four dimensional vector space, the dynamics of the spacecraft is constrained in a subset of the four dimensional quaternion space. This sometimes causes difficulty in controlling the system with quaternions because of the redundancy. In addition, dynamics with quaternion representation intrinsically becomes nonlinear. Thus the system representation with quaternions has both advantage (no singularity) and disadvantage (difficult to control).
On the other hand, port-Hamiltonian systems are introduced as generalization of conventional Hamiltonian systems in order to describe physical control systems with energy dissipation. 4) A stabilization method/strategy utilizing energy dissipation is called passivity based control. 5)， 6) Many variations of passivity based control were proposed so far . 7)-13) The authors proposed the generalized canonical transformation which is a set of coordinate and feedback transformations preserving the port-Hamiltonian structure of the original . 14) This technique can be used for trajectory tracking control of port-Hamiltonian systems 15) as well as simple stabilization. The present paper provides a modeling framework of portHamiltonian systems with quaternions. Using the new framework, a class of nonlinear stabilizing controllers can be designed easily based on passivity based control. The proposed method employs an artificial potential energy as a free parameter which can be utilized for several purposes such as obstacle avoidance control by choosing the design parameter appropriately. In addition, a numerical example demonstrates how it works. The proposed method is expected to work as a useful tool for general control objectives, such as trajectory tracking control, partial state feedback control and so on, as well as simple stabilization.
The organization of the paper is as follows. First of all, we provide port-Hamiltonian representations for systems with quaternions. Next, the relationship between the error quaternion and the corresponding port-Hamiltonian system as preparation for stabilization. Finally, a stabilizing controller with an artificial potential function. Furthermore, a numerical example of obstacle avoidance control demonstrates the effectiveness of the proposed method.
Preliminaries
This section briefly refers to the existing results on stabilization of port-Hamiltonian systems and modeling of systems with quaternions.
Port-Hamiltonian systems
Port-Hamiltonian systems are described by the following equation. They are known as expansion of Hamilton's canonical equations.
Here u, y ∈ R m , x ∈ R n , the Hamiltonian function H(x) ∈ R, and a skew symmetric matrix J(x) = −J(x) T ∈ R n×n . All functions are supposed to be sufficiently smooth. 14) This transformation is used to add an artificial potential energy function U(x) to the original system which is a natural generalization of the method for robot control. The transformation is described as follows.
Here U(x) ∈ R is a scalar function sometimes called an artificial potential energy, and β(x) ∈ R m is a vector function describing the corresponding feedback. This transformation preserves the structure of port-Hamiltonian systems described in Eq. (1), that is, the transformed system has a form
whereH andū denote the new Hamiltonian function and the new input, respectively. If the new system in Eq. (4) is zerostate detectable, then the feedback u = −β(x) − C(x)y renders the system asymptotically stable as the outcome of Lemma 1.
Quaternions
A quaternion is a mathematical object similar to an element of R 4 . Since it is related with an Euler angle, it describes the attitude of a rigid body. It has the form of
Here the symbols i, j, k and 1 are the (linearly independent) basis of quaternions and the corresponding coefficients Q 1 , Q 2 , Q 3 , Q 4 ∈ R are real numbers. They satisfy
A typical example of a quaternion is a rotation transformation of a rigid body whose normalized rotating axis is λ = (λ 1 , λ 2 , λ 3 ) T ∈ R 3 with the rotation angle θ ∈ R as follows.
Sometimes this 4-dimensional vector is also denoted by the symbol Q. Pre-and post-multiplying quaternions to a given vector is equivalent to rotating the corresponding attitude. Here it is easy to observe that the following constraint is always satisfied.
Let ω = (ω 1 , ω 2 , ω 3 ) T ∈ R 3 denote the angular velocity of the rigid body, then time derivative of the quaternion is described by
where Ω(Q) ∈ R 4×3 . This describes the kinematic equation of a rigid body via a quaternion.
Modeling
This section gives a dynamical model of a rigid body, which is a typical and simplest dynamic model of a spacecraft, described by a port-Hamiltonian system with quaternions.
Port-Hamiltonian modeling
Let us start with a dynamic equation of the attitude of a typical spacecraft.
Here the symbols are defined as follows: I ∈ R 3×3 denotes the inertia tensor and u = (u 1 , u 2 , u 3 )
T ∈ R 3 denotes the external torque (control input). All vectors are defined with respect to the local coordinate system of the spacecraft. Furthermore, let
T ∈ R 3 denote the angular momentum of the spacecraft. Then the Hamiltonian function H of the system is denoted by the sum of physical energy as follows.
Finally, let us define the state x = (Q T , p T ) T , then we obtain a port-Hamiltonian system as followṡ
where
Here E denotes the identity matrix. Please note that this portHamiltonian has the very similar form as a port-Hamiltonian system with nonholonomic constraints. 19) The difference is that the present system (12a) is canonical and consequently its state trajectory always satisfies the constraint (7).
Error system
The port-Hamiltonian model in Eq. (12a) is enough useful for a simple stabilization problem to maneuver the state x to the origin. If we consider either a trajectory tracking control problem or a point-to-point control problem, however, it is useful to adopt an error system with respect to the control error. For systems with quaternions, the signals called error quaternions are used to describe error systems. Here we show how the error quaternions are related to the error port-Hamiltonian systems in our problem setting.
Let the symbols x, x d and x e denote the state, the desired state, and the error state, respectively. For a conventional (linear) control system, they have the relationship
On the other hand, for the systems with quaternions, we have
which reduces to
Due to this equation, we obtain an element-wise description of the error quaternion as follows.
It is natural to select the state of the error port-Hamiltonian system using the error quaternion Q e as Applying this coordinate transformation, we obtain the following error port-Hamiltonian system. 14)
Here the new Hamiltonian function is
and we have Therefore the stabilization technique for the original portHamiltonian system in Eq. (12a) is directly applicable to the error system in Eq. (15a).
*
It is possible to obtain the dual result using the alternative description Q = Q e Q d .
Stabilization
This section gives a stabilization procedure for the portHamiltonian systems with quaternions in Eq. (12a) as defined in the preceding section. The objective here is to let the state to a desired position Q = Q d . Using the error quaternion, this objective is described by
The right hand side is not 0 because the quaternion Q e always satisfy the constraint
Here we select Q e = (0, 0, 0, −1) as the desired state among the two equilibria corresponding to the same physical attitude, and define the new state x e,− as 
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Then we obtain a slightly modified port-Hamiltonian systeṁ If the right hand side is positive or negative definite, then this implies Q e,− = 0, that is, the zero-state detectability is proved. Its positive definiteness will be shown below.
On the other hand the condition (i) of the theorem is rewritten as Since the Jacobian matrix of Φ − (x e ) is the identity, we have
This means that the condition on U(Q e,− ) in Theorem 1 can be easily converted to that with respect to the variable Q e . Note that the artificial potential function U in Theorem 1 can be used as a Lyapunov function to stabilize the velocity input system whose state is Q and whose input is p. See 19) for the detail.
One of the main advantages of the port-Hamiltonian modeling is that the feedback interconnection of port-Hamiltonian systems often yields another port-Hamiltonian system. This fact enables us to apply the simple control schemes such as in Theorem 1 for more complicated port-Hamiltonian systems. Namely, the result in this paper is expected to work for high dimensional systems with quaternions such as space robot systems, rendezvous control systems and so on. Also, it can be easily applied to other control purposes such as trajectory tracking control 20) and/or partial state feedback control 19) and so on.
Numerical Example
This section demonstrates how the proposed method in Theorem 1 works for attitude control. In addition to simple stabilization, we employ a task of obstacle avoidance. 
The spacecraft is equipped with a star sensor which can detect the stars in the direction of the arrow − − → OA. Suppose that the sun is located in the direction of the z-axis. Therefore we need to prevent the star sensor − − → OA from approaching close to the direction of the z-axis. We consider a control problem to rotate the spacecraft from an arbitrary initial attitude to the desired one in such a way that the star sensor − − → OA does not pass through the prohibited region described by a cone in the figure.
The angle between the z-axis and the surface of the cone is π/6 [rad].
Let us maneuver the spacecraft from the initial attitude depicted in the left hand side of the figure where the initial angle θ(0) = π/4 to the desired one depicted in the right hand side where the the desired angle is θ = π/2. Since the star sensor vectors − − → OA's of both the initial and the desired attitude are in the xz-plane, a conventional control strategy makes the star sensor vector − − → OA pass through the direction inside the cone. The objective here is to avoid it.
To achieve obstacle avoidance control, a potential function U(Q e,− ) is selected so that it becomes infinity at the boundary of the prohibited area. For comparison, we selected two potential functions U conv (Q e,− ) and U prop (Q e,− ) where U conv corresponds to the conventional control law without obstacle avoidance and the latter U prop derives the proposed obstacle avoidance control.
Here the function U add is a function which takes infinity at the surface of the cone.
Note that the function U add can be easily calculated by The conditions (i) and (ii) which are basically equivalent tell that the control system is asymptotically stable at least for θ ≥ π/6×1.02 whereas the weaker condition (iii) gives us that stability region as θ ≥ π/6 × 1.08 which is smaller than that derived by the conditions (i) and (ii). This result is consistent with the fact that (iii) is only a sufficient condition for (i) or (ii), while (iii) is easier to be computed. All elements of the state smoothly converge to the desired attitude at the origin. Fig. 4 gives the time responses of the corresponding θ's for the two potential functions U conv and U prop . The solid line denotes θ with the proposed potential function U prop , while the dashed one denotes that with the conventional U conv . The dotted line denotes the boundary of the prohibited area. The figure exhibits that θ of the proposed control system converges to the desired value without entering the prohibited region which reveals that the obstacle avoidance control is achieve successfully. Thus the proposed method works well. In particular, the additional freedom in selecting the potential function U given in Theorem 1 allows one to execute additional control tasks such as obstacle avoidance.
Conclusion
This paper gives a framework for modeling of portHamiltonian systems using error quaternions, which enables us to realize a controller independent of the local coordinate system and provides a passivity based stabilization method for them. Furthermore, it is applied to an obstacle avoidance problem and a numerical example has demonstrated its effectiveness. Since the proposed method is simple in a sense that it can only describe an attitude of a single rigid body, it would be an important future work to cope with a more general behavior such as combination with rotational motion and/or systems with higher degrees of freedom.
